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Black Hole Shadow Zoo

Schwarzschild BH  
(Synge 1966)

e.g.  
Kerr-Newman BH (de Vries 2000),  
Schwarzschild-de Sitter BH (Bakala et al. 2007),  
braneworld Kerr BH (Schee & Stuchlik 2009),  
Sen BH (Hioki & Miyamoto 2009),  
Tomimatsu-Sato spacetime (Bambi & Yoshida 2010),  
dynamical Chern-Simons BH (Amarilla, Eiroa & Gilibet 2010),  
Kastor-Traschen solution (Nitta, Chiba & Sugiyama 2011),  
rotating braneworld BH (Amarilla & Eiroa 2012),  
Majumder-Papapetrou solution (Yumoto et al. 2012),  
Kalza-Klein rotating dilaton BH (Amarilla & Eiroa 2013),  
Kerr-Taub-NUT BH (Abdujabbarov et al. 2013),  
Horava-Lifshitz BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
rotating non-Kerr BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
Kerr-Newman-NUT BH with a cosmological constant (Grenzebach, Perlick & Lammerzahl 2014),  
Einstein-Maxwell-Dilaton-Axion BH (Wei & Liu 2013),  
five-dimensional rotating Myers-Perry BH (Papnoi et al. 2014),  
Schwarzschild-MOG(modified gravity) & Kerr-MOG (Moffat 2015),  
binary BH (Bohn et al. 2015)

Kerr BH 
 (Bardeen 1973)

＊ BH shadow contour 
＊ BH in an accretion disk  
    (with no back reaction) 
＊ BH in surrounding matters  
    (with back reaction effects) 
＊ naked singularity

他にもたぶんある・・・

まとめ

＃ 過去のブラックホール・シャドウの研究をいくつか紹介した。 
　（全てを網羅したわけではない） 

＃ 電波干渉計での観測により、もうすぐシャドウがとらえられる 

　 かもしれない。現在は、フーリエ空間中の位相情報が観測的に 

　得られ始めた。 

＃ 将来的には、Kerr時空の検証、重力理論の検証などが重要。



光源

ブラックホール

観測者

ブラックホール・シャドウ
ブラックホール・シャドウ



光に照らされた闇夜のカラス 

☞☞☞ 「影絵」として見える      

福江純「カラー図解でわかるブラックホール宇宙」SoftBank Creative (2009)



ブラックホール周囲の光の軌道

Takahashi & Umemura (2015) 



Hagiwara 1931
Yusuke Hagiwara, Jap. J. Astr. Geophys., 8, 67-176 (1931) 
“Theory of the Relativistic Trajectories in a Gravitational Field of Schwarzschild”

＊ Schwarzschild時空の測地線の解析解、正準方程式、Hamilton-Jacobi方程式、 

　変数分離、軌道の分類

Chapter IX, Trajectory of a Light Ray 
   “… an observer in any part of the space can see every star … ” (p79)

萩原雄祐 (1897-1979)



Darwin 1958
C. Darwin, Proc. R. Soc., A, 249, 180-194 (1958) 
“The gravity field of a particle”

＊ Schwarzschild時空の測地線 

＊ bending angle 

＊ impact parameterとbending angleの間の関係式 

　(photon orbit近傍で成立する近似式) 

＊ relativistic imagesの明るさの近似式も計算 

＊ Hagiwara (1930) 引用されていない

P : perihelion distance, µ : bending angle, l : constant

(⇡
p
27)
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Synge 1966 J. L. Synge, Mon. Not. R. astro. Soc., 131, 463-466 (1966) 
“The Escape Photons from Gravitationally Intense Stars”

“Planetary orbits and light rays in the spherically symmetric Schwarzschild field have  
been discussed very throughly by Hagiwara and, independently, by Darwin” 
← Hagiwara(1931), Darwin(1958)

Photon regions and shadows of Kerr-Newman-NUT black holes
with a cosmological constant

Arne Grenzebach,* Volker Perlick,† and Claus Lämmerzahl‡

ZARM, Universität Bremen, Am Fallturm, D-28359 Bremen, Germany
(Received 1 April 2014; published 6 June 2014)

We consider the Plebański class of electrovacuum solutions to the Einstein equations with a
cosmological constant. These space-times, which are also known as the Kerr-Newman-NUT–(anti–)de
Sitter space-times, are characterized by a mass m, a spin a, a parameter β that comprises electric and
magnetic charge, a NUT parameter l and a cosmological constant Λ. Based on a detailed discussion of the
photon regions in these space-times (i.e., of the regions in which spherical lightlike geodesics exist), we
derive an analytical formula for the shadow of a Kerr-Newman-NUT–(anti–)de Sitter black hole for an
observer at given Boyer-Lindquist coordinates ðrO; ϑOÞ in the domain of outer communication. We
visualize the photon regions and the shadows for various values of the parameters.

DOI: 10.1103/PhysRevD.89.124004 PACS numbers: 04.70.-s, 95.30.Sf, 98.35.Jk

I. INTRODUCTION

Over the last twenty years observations have produced
increasing evidence for the existence of a supermassive
black hole at the center of our Galaxy. This evidence comes
from the observation of orbits of stars in the infrared [1,2]
which allows to estimate the mass of the central object. In
combination with estimates of the volume in which this
mass must be concentrated, the result strongly supports the
hypothesis of a black hole. These observations are expected
to become even more precise when the GRAVITY instru-
ment [3] goes into operation soon. In addition, it is planned
to explore the inner region of the center of our Galaxy, in
the order of magnitude of the Schwarzschild radius of the
central mass, with submillimeter radio telescopes. From
this project, which is called the Event Horizon Telescope
[4], we expect a radio image of the shadow of the central
black hole in a few years’ time. Therefore, it is timely to
advance the theoretical investigations of the shadows of
black holes as far as possible, as a basis for evaluating the
observational results that are to be expected soon.
For an observer at radius coordinate rO in the

Schwarzschild space-time, the shadow can be constructed
in the following way. We assume that there are light sources
distributed on the sphere r ¼ rL for some chosen rL > rO.
We consider all light rays issuing from the observer’s
position into the past. Some of them will reach a light
source at rL, after being deflected by the black hole; to the
initial directions of this first class of light rays we associate
brightness on the observer’s sky. Some of them will go to
the horizon and never reach a light source at rL; to the
initial directions of this second class of light rays we
associate darkness on the observer’s sky. The second class

fills the shaded region in Fig. 1. The borderline between
the two classes are light rays that asymptotically spiral
towards the photon sphere at r ¼ 3m (with G ¼ 1, c ¼ 1).
Therefore, in this case the shadow is circular and its angular
radius is determined by light rays that approach the photon
sphere (see again Fig. 1). For simplicity, we have con-
structed the shadow with light sources on a sphere r ¼ rL.
From the geometry it is clear that we could have light
sources anywhere else as long as they are outside of the
shaded region in Fig. 1.
Synge [5] was the first to calculate what we nowa-

days call the shadow of a Schwarzschild black hole.
(Synge did not use the word “shadow” but he investigated
the condition under which photons could escape to infin-
ity.) He found that the angular radius α of the shadow is
given by the simple formula

sin2α ¼ 27

4

ðρO − 1Þ
ρ3O

ð1Þ

where ρO ¼ rO=ð2mÞ is the ratio of the observer’s r
coordinate rO and the Schwarzschild radius. For the black
hole at the galactic center, an observer on the Earth is at
rO ≈ 8.3 kpc, and the mass is m ≈ 4.1 × 106 Solar masses
[2,6]. If one inserts these values into Synge’s formula one
gets an angular radius of α ≈ 25 microarcseconds which is
expected to be resolvable with Very Long Baseline
Interferometry (VLBI) soon [4,7].

2m 3m rO

α

FIG. 1 (color online). Angular radius α of the shadow of a
Schwarzschild black hole, given by Synge’s formula, Eq. (1).
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シュバルツシルト・ブラックホール

Grenzebach, Perlick & Lammerzahl (2014, PRD, 89, 124004) 

Syngeの公式
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ブラックホール・シャドウの大きさ

Misner, Thorne & Wheeler (1973, Gravitation) 

Synge (1966, MNRAS, 131, 463) 
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観測者の空に見えるブラックホール・シャドウ

R.Takahashi & M. Takahashi (2010, A&A, 513, A77) 

観測者

ブラックホール・シャドウ

カー・ブラックホール（自転するブラックホール）の場合



観測者の全天にブラックホールが占める割合
シュバルツシルト・ブラックホールの場合

RT & M. Takahashi (2010, A&A, 513, A77) 

カー・ブラックホールの場合



光源

ブラックホール

観測者

ブラックホール・シャドウ
ブラックホール・シャドウ



Bardeen 1973
J. M. Bardeen, in Black Holes ed. C. DeWitt & B. S. DeWitt (1973) 
“Timelike and Null Geodesics in the Kerr Metric”
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Photon Sphere around a Kerr BH
E. Teo, General Relativity and Gravitation 35,1909 (2003) 
“Spherical Photon Orbits around a Kerr Black Hole”

http://www.physics.nus.edu.sg/~phyteoe/kerr/

Complete Table of Example Orbits
Here we focus on two values of a, namely the extreme case a = M and a non-extreme case a = 0.5M. Phi
takes the range -7M < Phi < 2M in the former case, while it takes the range -6.1382M < Phi < 4.0963M in
the latter case. Example orbits are chosen at more or less equal intervals along these ranges.

In most of the examples, the orbits have been plotted for an integer number of latitudinal oscillations until
they return to near the starting point. Again, clicking on each figure gives a three-dimensional wire-frame
model of the orbit.

a = M a = 0.5M

Phi = -6.9M  

Phi = -6M

Phi = -5M

Phi = -4M

Phi = -3M

Phi = -2M

Phi = -M

Phi = 0

Phi = M

Phi = 1.9M
(for a = M)

Phi = 2M
(for a = 0.5M)

Phi = 3M  

Phi = 4M  

Back to Main Page

by Edward Teo [Home]



Falcke, Melia & Agol  2000
H. Falcke, F. Melia & E. Agol, The Astrophysical Journal 528, L13-L16 (2000) 
“Viewing the Shadow of the Black Hole at the Galactic Center”

No. 1, 2000 FALCKE, MELIA, & AGOL L15

Fig. 1.—Image of an optically thin emission region surrounding a black hole with the characteristics of Sgr A* at the Galactic center. The black hole is here
either (a–c) maximally rotating ( ) or (d–f) nonrotating ( ). The emitting gas is assumed to be in free fall with an emissivity proportional to r!2a = 0.998 a = 0∗ ∗
(top panels) or on Keplerian shells (bottom panels) with a uniform emissivity (viewing angle ). (a, d) GR ray-tracing calculations; (b, e) images seen byi = 45!
an idealized VLBI array at 0.6 mm wavelength, taking interstellar scattering into account; and (c, f) images seen for a wavelength of 1.3 mm. The intensity
variations along the x-axis (solid green curve) and the y-axis (dashed purple curve) are overlayed. The vertical axes show the intensity of the curves in arbitrary
units, and the horizontal axes shows the distance from the black hole in units of Rg, which, for Sgr A*, is cm ∼ 3 mas.113.9# 10

Indeed, this is consistent with the observed 0.8 mm–size limit
being greater than 4Rg for Sgr A* owing to a lack of scintillation
(Gwinn et al. 1991). The presence of a rotating hole viewed
edge-on will lead to a shifting of the apparent boundary (by
as much as 2.5 or 8 mas) with respect to the center of massRg
or the centroid of the outer emission region.
Interestingly, the scattering size of Sgr A* and the resolution

of global VLBI arrays become comparable to the size of the
shadow at a wavelength of about 1.3 mm. As one can see from
Figures 1c and 1f, the shadow is still almost completely washed
out for VLBI observations at 1.3 mm, while it is very apparent
at a factor of 2 shorter wavelength (Figs. 1b and 1e). In fact,
already at 0.8 mm (not shown here), the shadow can be easily
seen. Under certain conditions, i.e., a very homogeneous emis-
sion region, the shadow would be visible even at 1.3 mm
(Fig. 1f).

3. HOW REALISTIC IS SUCH AN EXPERIMENT?

The arguments for the feasibility of such an experiment are
rather compelling. First of all, the mass of Sgr A* is very well
known within 20%, the main uncertainty being the exact dis-
tance to the Galactic center. Since, as we have shown, the
unknown spin of the suspected black hole contributes only
another 10% uncertainty, we can conservatively predict the
angular diameter of the shadow in Sgr A* from the GR cal-
culations alone to be ∼ mas, independent of wavelength.30" 7
As seen in Figure 1, the finite telescope resolution and the
scatter broadening will make the detectability of the shadow a

function of wavelength and emissivity; however, the size of
the shadow will remain of similar order, and under no circum-
stances can it become smaller.
The technical methods to achieve such a resolution at wave-

lengths shortward of 1.3 mm are currently being developed,
and a first detection of Sgr A* at 1.4 mmwith VLBI has already
been reported. The challenge will be to push this technology
even further toward 0.8 or even 0.6 mm VLBI. Over the next
decade, many more telescopes are expected to operate at these
wavelengths. Depending on how short a wavelength is required,
the projected timescale for developing the necessary VLBI
techniques may be about 10 yr. A fundamental problem pre-
venting such an experiment is not now apparent, but in light
of our results, planning of the new submillimeter telescopes
should include sufficient provisions for VLBI experiments.
A potential problem with our model may occur if has anjn

inner cutoff that is larger than that of the horizon, making the
shadow larger than predicted due to a decrease in emissivity
rather than to GR effects. However, first of all, the truncation
of accretion disk emission at the marginal stable orbit isrms
somewhat arbitrary (Cunningham 1975), and secondly, if it
exists, such a cutoff would likely be frequency dependent, while
there will be a frequency-independent minimum radius due to
the GR effects we have described. Another problem could be
the unknown morphology of the emission region. Anisotropy,
strong velocity fields, and density inhomogeneities would make
an identification of the shadow in an observed image more
difficult. However, inhomogeneities are unlikely to be a major



光学的に薄く幾何学的に厚いブラックホール降着流のイメージ 　最大回転するブラックホールを仮定し, 観測者が見る
位置は85度とした。同じデータに対し、カラーの付け方を変えることにより異なるイメージを作成した。最も明るく輝
いている部分は、 ブラックホール回転が引き起こす時空の引きずりの効果により青方偏移している部分に対応する。 



電磁波では直接BHを見ることはできない

BH

観 
測 
者

• 背景光の手前のBHのシルエットが見える。間接的に見る。 

• 中心の低輝度領域をBH shadowと呼ぶ。 

• 光学的に薄い波長での観測が必要（一般に暗いイメージ）。

光学的に薄い降着流 因果構造

BH近傍から来る 
out-going null 
を観測する。

観測者



Bromley, Melia & Liu 2001
B. C. Bromley, F. Melia & S. Liu, The Astrophysical Journal 555, L83-L86 (2001) 
“Polarimetric Imaging of the Massive Black Hole at the Galactic Center”
L86 POLARIMETRIC IMAGING OF MASSIVE BLACK HOLE Vol. 555

Fig. 2.—Polarization maps at three wavelengths near the peak of the millimeter-to-submillimeter emission from Sgr A*. The top row shows emission at
1.5 mm, the middle row is at 1 mm, and the bottom row corresponds to 0.67 mm. The images in each row show the raw ray-tracing output (first column on the
left) and an image blurred to account for finite VLBI resolution and interstellar scattering (second column). The two rightmost columns give the vertical and
horizontal components of the polarized emission. Throughout, red pixels designate vertically polarized light, and cyan corresponds to horizontal polarization. The
pixel brightness in all images scales linearly with flux.

rizon. Figure 2 shows images of the accretion flow at an ideal
detector as well as polarimetric images, taking into account the
blurring due to a finite VLBI resolution and scattering by the
interstellar medium. The blurring is modeled by convolutionwith
two Gaussians: the first is an approximate model of the scattering
effects with an ellipsoidal filter whose major- and minor-axis
FWHM values are and224.2 mas# (l/1.3 mm) 12.8 mas#

, respectively, for emission at wavelength l (Lo et2(l/1.3 mm)
al. 1998). For the purposes of creating test VLBI images, we
chose the spin axis of the disk to lie along the minor axis of the
scattering ellipsoid, and we have assumed a global interferometer
with an 8000 km baseline (Krichbaum 1996). The second is a
spherically symmetric filter with an FWHM of 33.5 mas#

to account for the resolution effects of an ideal(l/1.3 mm)
interferometer. These images demonstrate clearly the viability of
conducting polarimetric imaging of the black hole at the Galactic
center with upcoming VLBI techniques.

We thank Vladimir Pariev for his suggestions on the polar-
ization calculations in curved spacetime. This research was
partially supported by NASA under grants NAG5-8239,
NAG5-9205, and NAG5-8277 and has made use of NASA’s
Astrophysics Data SystemAbstract Service. F. M. is very grate-
ful to the University of Melbourne for a Miegunyah Fellowship.
B. C. B. acknowledges computing support from NASA/JPL
Supercomputing.
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No. 1, 2010 DIRECT TIME-VARIABLE RADIO IMAGES FOR M87 225

Figure 3. Simulated intensity distributions of the spiral waves caused by the SASI around a black hole (top row) and the images smeared by the spatial resolution of
the VSOP-2/ASTRO-G observations at 43 GHz (middle row). From left to right panels, the time evolution of the images are shown of time intervals of 2.8 × 106 (s)
∼1 month for the black hole in M87. The size of the images is (80 GM/c2)2. The bottom panels show the images at 345 GHz for the same model as the top panels.
The viewing angle is assumed to be i = 30◦. For hydrostatic equilibrium, an exponential profile of the vertical density structure is assumed.
(A color version of this figure is available in the online journal.)

reproduce the observed spectrum as described in the previous
section. The size of the images is (80 GM/c2)2, which corre-
sponds to (3.8×1016 cm)2 for M87. The spiral waves due to the
SASI around the black hole in M87 evolve with spatial scales
larger than the spatial resolutions of the VSOP-2/ASTRO-G ob-
servations. An exponential vertical density profile is assumed for
the case shown in Figure 3. Thus, if shock waves exist in M87,
as suggested by Becker et al. (2008) and Mandal et al. (2008)
based on the spectral fitting analysis, the time-variation features
will be detected by the VSOP-2/ASTRO-G satellite at 43 GHz.
Almost all emission comes from the inside of the shocks, as
a result of the density and the temperature peaks of the spiral
waves. We also show the images for the Gaussian profile of the
vertical density structure (Figure 4), and different viewing angle
i = 45◦ (Figure 5) cases. As can be clearly seen in the bottom
panels of these figures, we confirm the observational feasibility
of SASI by the VSOP-2/ASTRO-G.

The most luminous parts of the intensity are predicted to exist
at a distance of, e.g., 30 GM/c2 from the vicinity of black hole
for some snapshots. This is in contrast to the calculations using
the stationary accretion flow model where the most luminous

part exists around the blueshifted part of the accretion flow
around the black hole shadow. This means that the position of
the black hole in M87 cannot be determined from the brightness
distribution observed in a few months. In our simulations, such
time-variable signatures will be smeared out by taking the
average of the images with the timescale longer than the SASI
timescale, i.e., several years in the case of M87. Before the
launch of the VSOP-2/ASTRO-G satellite in 2013, the central
regions of M87 will continue to be observed with existing
telescopes at frequencies of 230 and 345 GHz, with spatial
resolutions of 17 and 11 µas, respectively (Broderick & Loeb
2009). It is considered that at 345 GHz, jet emission dominates
over disk emission, as shown by Broderick & Loeb (2009, e.g.,
Figure 6). In Figure 3, we show that the effective emitting region
at 345 GHz is smaller than that emitting at 43 GHz. This is
because the accreting plasma is optically thin at 345 GHz, and
then the effective emitting region exists around the shadow. Only
when the contamination of the emissions from the jets will not
conceal the emission from the spiral waves due to SASI, it has
a possibility that the time-evolution features due to the SASI
in the intensity map or the visibility will be detected by the

H. Nagakura, R. Takahashi, The Astrophysical Journal 711, 222-227 (2010) 
“Direct Radio Variability induced by Non-axisymmetric Standing Accretion Shock Instability: 
Implication for M87”
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“Color Photographs of an Accretion Disk around a Black Hole”
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イメージと軌道の対応



光の軌道の湾曲

円盤回転によるドップラー効果 円盤回転によるドップラー効果
重力赤方偏移　時空の引きずり

光の軌道の湾曲
重力赤方偏移
時空の引きずり

表示範囲 20Rs×20Rs
(Rs : Schwarzschild半径)
(図の中心がBHの中心)

青字：
 特殊相対論効果
赤字：
 一般相対論効果

仰角 10度
観測波長 1keV (X線)

BHスピン
a=0.5

BH質量 10太陽質量
質量降着率
0.1 Eddington降着率
輝度範囲  0～4500



光学的に厚く幾何学的に薄いブラックホール降着流のイメージ 　Kerrブラックホールの スピン(回転の度合いを表す): 
a*=0, 0.5, 0.999 (左図から右図), 観測者が見る位置 : i=10度(上の図), 85度(下の図), これらは一般相対論的輻射輸送計
算により計算した。  
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FIG. 1.ÈThe image of a geometrically thin and optically thick accretion disk around a maximally rotating black hole of mass M. The inner radius and the outer

radius are at and respectively. This accretion disk is viewed at a 75¡ inclination. The false color contour map indicates the ratio of observed frequency to1.25R
g

10R
g
,

emitted frequency, where the blue-shaded bands represent blueshift and the red indicates a redshift. The white (saturated) patch superimposed on the map contains the

zeroÈfrequency-shift contour.
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降着円盤中のBHシャドウの輪郭

have tips that reflect nearly Newtonian geodesics. So, if we
have an accretion disk with an inner edge larger than the
marginally stable orbit, we will see shadows with clear tips
when there is a large inclination angle.

As mentioned above, in the case of a rotating black hole
with a larger spin parameters, the event horizon and the
marginally stable orbit become smaller, and the size of the
black hole shadow also becomes smaller. But, the small size of
the shadow is not a unique property of the effects of black hole
rotation. For a constant black hole spin parameter, the size of
the shadow becomes smaller for a smaller inner edge of the
accretion disk. Also, for a constant spin parameter and a

constant inner edge of the accretion disk, the size of a shadow
becomes smaller for a smaller black hole mass. What is the
unique property of black hole rotation? Although in the case of
a nonrotating black hole the shadow is perfectly symmetric
with respect to the rotation axis of the accretion disk, as shown
in Figure 1, in the case of a rotating black hole the shadow
becomes nonaxisymmetric with respect to a rotation axis. This
is because geodesics near a black hole suffer from the effects of
frame dragging and such a geodesic becomes nonaxisymmetric
with respect to the rotation axis. The nonaxisymmetric shape
of the black hole shadow can be also seen in past studies
(Cunningham & Bardeen 1972; Bardeen & Cunningham 1973;

Fig. 1.—Examples of contours of black hole shadows in geometrically thin optically thick accretion disks with innermost radii, rin, of rin ¼ rhþ (thick solid lines)
and rin ¼ rms (thin solid lines), and in an optically thin emitting medium (dashed lines). Lines of x ¼ 0 and y ¼ 0 are plotted by dotted lines. The projected position
of a black hole is (x; y) ¼ (0; 0). Projected lines of rotation axes of accretion disks or those of black holes are x ¼ 0. In the cases of a finite spin parameter oand a
finite inclination angle, we can see an axisymmetric shape and position of a black hole shadow with respect to the rotation axis of its accretion disk.

BLACK HOLE SHADOWS IN ACCRETION DISKS 999No. 2, 2004

Cunningham 1975; Sikora 1979; Perez & Wagoner 1991;
Jaroszynski et al. 1992; Kindl 1995; Quien et al. 1996;
Begelman & Rees 1996; Hollywood & Melia 1997; Bromley
et al. 1998, 2001; Pariev & Bromley 1998). If the luminous
matter around a black hole is distributed nonaxisymmetrically,
the nonaxisymmetric property of the shadow is not uniquely
the effect of black hole rotation.

3.2. Maximum Size of a Black Hole Shadow

In this section we examine the quantitative features of the
maximum size of a black hole shadow. In Figure 2 we show the
dependence of the maximum size of a black hole shadow on its
spin parameter and the inclination angle for three kinds of sur-
rounding media; an accretion disk with an innermost radius of
rin ¼ rhþ (dotted lines), an accretion disk with rin ¼ rms (solid
lines), and an optically thin emitting medium (dash-dotted lines).
Note that because of the black hole’s rotation, the maximum size
of the shadow generally does not coincide with the maximum
horizontal size. In Figure 1 this feature can be clearly seen in
black hole shadows in disks for a=m ¼ 0:998 and i ¼ 80#.

We can see the gravitational focusing effects of geodesics in
Figure 2. For example, in the case of a nonrotating black hole
the radius of a marginally stable orbit is 6. So, the diameter of
the circle of a marginally stable orbit is 12. However, for
i ¼ 0#, rin ¼ rms, and a nonrotating black hole, the maximum
size of a shadow is nearly 13.85 in Figure 2 because of grav-
itational focusing effects.

For any spin parameter, the maximum size of the black hole
shadow becomes larger for a larger inclination angle. The
reason for this is explained in the previous section. For any
spin parameter of a black hole and a fixed inclination angle, the
shadow in an accretion disk with rin ¼ rhþ is the smallest
among those for the three kinds of surrounding media. In the
case of a slowly rotating or nonrotating black hole (a=mP 0:5),
the maximum shadow size for an optically thin medium occurs

in the cases of the other two disks for same inclination angle.
On the other hand, in the case of a rapidly rotating black hole
(a=mk0:8), for a fixed inclination angle the maximum size of
the shadow around an optically thin medium is larger than
those in the other two kinds of accretion disks. Although the
maximum size of a black hole shadow in an optically thin
medium is concentrated in a narrow range (i.e., from $9.6 to
$10.4), in an accretion disk the range becomes relatively wide.
This is because the event horizon and the marginally stable
orbit depend on the spin parameter, as mentioned above.
In the case of an accretion disk with rin ¼ rhþ, the maximum

size of a black hole shadow is $8.7 for i ¼ 90# and a=m ¼ 0.
On the other hand, the minimum size of a shadow is $4.0 for
i ¼ 0# and a=m ¼ 1. In the case of an accretion disk with rin ¼
rms, the maximum size of the shadow is $14.7, for i ¼ 90# and
a=m ¼ 0, and the minimum size is $4.2, for i ¼ 0# and
a=m ¼ 1. In contrast to the case of a shadow in an optically thin
medium for which the size of the e shadow is in the narrow
range, as mentioned above, if the inner edge of an accretion
disk is equal to or smaller than the marginally stable orbit, the
size of the shadow expands in a wider range, from 4.0 to 14.7,
than a black hole shadow in an optically thin medium, as
shown in Figure 2. This is a remarkable quantitative feature of
black hole shadows in accretion disks.

3.3. The Flatness of Black Hole Shadows

Here, for a single black hole shadow we consider the ratio of
the shadow’s minimum width to its maximum width. This ratio
is important because it is a good indicator of the inclination
angle between the rotation axis of a black hole and the direc-
tion of an observer. This ratio is similar to the flatness of black
hole shadows. This ratio is a dimensionless quantity. Note that
the line segments of the minimum width and the maximum
width generally do not cross perpendicularly. In Figure 3 we

Fig. 2.—Relations between the spin parameter of a black hole and the
maximum size of a black hole shadow for four values of inclination angles (0#,
45#, 80#, and 89#) and three kinds of surrounding media: accretion disks with
innermost radii of rin ¼ rhþ (dotted lines) and rin ¼ rms (solid lines) and an
optically thin emitting medium (dash-dotted lines).

Fig. 3.—Ratios of the minimum size of a black hole shadow to the maxi-
mum size of a black hole shadow for three inclination angles (45#, 80#, and 89#)
and two accretion disks, with rin ¼ rhþ (dotted lines) and rin ¼ rms (solid lines).
In the case of an inclination angle of i ¼ 0#, this ratio is unity. The ratio
depends strongly on an inclination angle between a rotation axis and a direction
of an observer, and weakly depends on a spin parameter of a black hole.

TAKAHASHI1000 Vol. 611
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降着円盤中のBHシャドウの輪郭

is plotted by a gray line. In the case of a rotating black hole, this
line is also its rotation axis. The horizontal direction in each
panel of the figure represents a direction of the maximum width
of a black hole shadow. As shown in Figures 1 and 4, in the
case of a finite spin parameter, the shadow is nonaxisymmetric
with respect to the black hole’s rotation axis. In Figure 5, the
extent of the shifts of the centers of the black holes from the
rotation axes are (b) 0.22, (c) 0.38, (e) 0.50, and ( f ) 0.95. As
mentioned above, these shifts are nearly proportional to the
spin parameters (see Fig. 4). In the case of a rotating black
hole, the direction of a segment of its maximum width is
not perpendicular to its rotation axis. Thus, as panels (b),
(c), (e), and ( f ) show, the rotation axes of black holes are
inclined from the vertical directions. These inclination angles
from the vertical direction are (b) 6N2, (c) 12!, (e) 4N2, and ( f )
9N2. One of the main ways in which black hole shadows with
similar shapes and sizes differ is the distance between the ro-
tation axis of the accretion disk and the center of the shadow.
If we know the position of the rotation axis of a black hole,
the spin parameter can be well constrained from an image
the shadow. But, as mentioned in the previous section, it is
difficult to determine the position of the rotation axis of a
black hole.

Here we introduce for the first time a bisector axis of a black
hole shadow that we name the ‘‘shadow axis.’’ We define this
shadow axis as a bisector perpendicular to the line segment of
the maximum width of a black hole shadow. In each panel of
Figure 5, we plot this shadow axis in the case of a rotating
black hole by a white line. In the case of a nonrotating black
hole, the shadow axis coincides with the rotation axis of the
shadow. We can easily determine the position of the shadow
axis by observation of the shadow in an accretion disk. In
Figure 5 the minimum intervals between the mass center of a
black hole and a shadow axis are (b) 0.32, (c) 0.58, (e) 0.59,

and ( f ) 1.1. This minimum interval strongly depends on
the spin parameter of a black hole and can be measured if
the position of the mass center of a black hole is known and the
shadow is observed. So, in the next section, we investigate
the relation between the spin parameter of a black hole and the
minimum interval between the mass center of the black hole
and the shadow axis.

4.2. Minimum Intervval between a Black Hole Mass Center
and the Shadow Axis

In Figure 6 we plot the minimum interval between a black
hole mass center and the shadow axis for the entire range of the
spin parameter of a black hole. Figure 6 is similar to Figure 4,
but there are differences between the lines in Figure 4 and those
in Figure 6. In Figure 6, we plot the minimum intervals for
three inclination angles (45!, 80!, and 89!) and the two ac-
cretion disks (rin ¼ rhþ , dotted lines, and rin ¼ rms, solid
lines). As mentioned in x 3.1, for a nonrotating black hole
around aluminous accretion disk that is axisymmetric with
respect to the rotation axis of the black hole, the shadow is
symmetric with respect to the rotation axis. Thus, in Figure 6,
for a nonrotating black hole (i.e., a=m ¼ 0) the minimum in-
terval is null. On the other hand, in the case of a rotating black
hole, i.e., a=m > 0, the shape and position of the black hole
shadow is not symmetric with respect to a rotation axis. So, in
this case the minimum interval is finite. In Figure 6 we can see
that the extent of the minimum interval is roughly proportional
to the spin parameter for a fixed inclination angle. The maxi-
mum extent of the minimum interval is about 1.5 in the case of
the maximum rotation, the maximum inclination angle, and
rin ¼ rhþ. The minimum interval for the case of rin ¼ rhþ is
larger than the minimum interval for the case of rin ¼ rms for
same inclination angle and same spin parameter. This is be-
cause effects of frame dragging due to black hole rotation are

Fig. 5.—Examples of black hole shadows with nearly the same maximum width and flatness but for black holes with very different spin parameters. See text for
an explanation.
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Figure 3. Images (left panels) and distributions of the visibility amplitude (middle panels) and visibility phase (right panels) of the
physical models for the structure of 230 GHz emission. The white circle points shows the uv-coverage of our observations, while the black
lines show the uv-coverage of future observations with current US stations, LMT in Mexico, IRAM 30m telescope in Spain, PdBI in France
and ALMA/APEX in Chile. (Top panels) an approaching-jet-dominated model (Broderick & Loeb 2009; Lu et al. 2014) fitted to 2009
data in Doeleman et al. (2012) (Broderick et al. in prep.). (Middle panels) a counter-jet-dominated model (J2) in Dexter et al. (2012) at
a position angle of −70◦ inferred for the large-scale jet. (Bottom panels) an accretion-disk-dominated model (DJ1) in Dexter et al. (2012)
at a position angle of −70◦ inferred for the large-scale jet.

is predominant instead of the approaching jet. Such a sit-
uation could happen if the bright emission region in the
jet is very close to the central black hole (within few Rs)
suppressing the approaching jet emission due to gravita-
tional lensing. Photons from the counter jet illuminate
the last photon orbit, forming a crescent-like feature. It
is worth noting that Dexter et al. (2012) and Lu et al.
(2014) have clear differences in their images even at the
same particle loading radius of a few Rs, most likely due
to differences in magnetic-field distribution and also the
spatial and energy distribution of non-thermal particles
in their models. The accretion disk models are well char-
acterized by a crescent-like or ring-like feature around the
last photon orbit. The 230 GHz emission arises in the
inner portion of the accretion flow (r ∼ 2.5 Rs) near the
mid-plane.
Measured closure phases on the Hawaii-Arizona-

California triangle are consistent with these three mod-
els. In Figure 4, we show the model closure phases calcu-

lated in the MIT Array Performance Simulator6 (MAPS)
for an approaching-jet-dominated model, a counter-
jet-dominated model and an accretion-disk-dominated
model in Figure 3. The closure phase of the approaching-
jet-dominated model is almost zero. On the other
hand, the model closure phases of counter-jet-dominated
and accretion-disk-dominated models are systematically
smaller than observed closure phase in the later GST
range, but the models and observed closure phases
are consistent within a 3-sigma level. We note that
the results for counter-jet-dominated and accretion-disk-
dominated models shown in Figure 4 disagree with Fig-
ure 9 of Dexter et al. (2012), due to a mistake in Dexter
et al. (2012) in constructing the closure phase triangles.
All three models commonly predict small closure

phases on the Hawaii-Arizona-California triangle. Vis-
ibility phases on the Arizona-California baseline, which
barely resolves the source, are nearly zero. The closure
phase on current VLBI triangles are almost same to dif-

6 http://www.haystack.mit.edu/ast/arrays/maps/

K. Akiyama et al., astro-ph/1505.0354 (2015) 
“230 GHz VLBI Observations of M87: Event-Horizon-Scale Structure at the Enhanced 
Very-High-Energy γ-ray State in 2012”
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We present a method of calculating the strong-field gravitational lensing caused by many analytic
and numerical spacetimes. We use this procedure to calculate the distortion caused by isolated
black holes and by numerically evolved black hole binaries. We produce both demonstrative images
illustrating details of the spatial distortion and realistic images of collections of stars taking both
lensing amplification and redshift into account. On large scales the lensing from inspiraling binaries
resembles that of single black holes, but on small scales the resulting images show complex and in
some cases self-similar structure across di↵erent angular scales.
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Keywords: gravitational lensing, black holes, numerical relativity, ray tracing

I. INTRODUCTION

Black holes are the most compact gravitating objects
in the universe, with such strong gravitational fields that
not even light can escape them. In the vicinity of a black
hole, light rays can be very strongly deflected from a
straight-line path, sometimes orbiting around the black
hole before continuing on their way. It is now well-known
that the bending of light by massive objects like galaxy
clusters can create brightness amplification [1], deformed
images, or even multiple images [2] of background objects
such as quasars. These signatures have so far only been
directly observed in cases where the deflection of light
is very slight, up to approximately 11 arc seconds [3, 4].
However, here we are interested in the lensing e↵ects as-
sociated with much more extreme bending of light near
single or binary black holes, where the deflection angle is
unbounded.

The lensing e↵ects near general-relativistic bodies
were first studied in the 1970s, with Cunningham and
Bardeen [5] looking at a star on an orbit in a Kerr space-
time, and Luminet [6] studying an accretion disk around
a Schwarzschild black hole. More recently, open-source
codes such as GYOTO [7] and GeoViS [8] have produced
images of lensing in the neighborhood of various com-
pact objects. While the lensing caused by an isolated
black hole has been understood analytically, the case of
lensing by a binary black hole (BBH) is much more chal-
lenging because of the di�culty of solving for the geom-
etry of the spacetime. With some arguably unrealistic

⇤ Lensing group email: lensing@black-holes.org
† Current a�liation: Google Inc., 747 6th St S, Kirkland, WA
98033, USA

FIG. 1. A pair of black holes that are about to merge, with
the Milky Way visible in the background. Supplementary
images and movies can be found at [14].

assumptions (e.g., two maximally charged black holes in
static equilibrium), analytic solutions can be found and
subsequently used for lensing [8–13].

For astrophysically relevant binaries, however, we must
instead rely on numerical solutions. Solving these binary
spacetimes numerically to high accuracy has been pos-
sible for the last decade (see [15, 16] for a review), mo-
tivated by the need to provide gravitational-wave tem-
plates used by experiments such as LIGO, VIRGO, and
KAGRA to make detections. By using the spacetimes
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that are deflected by larger angles than are the Einstein
ring photons; this results in an inverted image of the
reference grid inside the Einstein ring. A second Einstein
ring can be seen near the shadow, corresponding to light
from a source behind the camera wrapping around the
hole on its way to the camera. In fact, photons can wind
an arbitrarily large number of times around the black
hole, resulting in an infinite number of Einstein rings.

The bottom row of figure 4 shows a single black hole
with a large dimensionless spin of � = 0.95. As in the
Schwarzschild case, there is an Einstein ring around the
black hole shadow as well as image inversion inside the
Einstein ring. However, for the case of a Kerr spacetime,
the light coming from the Einstein ring does not originate
from a single point directly behind the black hole, but
from a small region (unless the camera is pointing directly
along the spin axis). The spin of the black hole causes
frame dragging, where space is dragged in the direction
of the rotation [29, 30]. In the bottom left image, the
spin axis of the black hole is pointing out of the page,
so space is dragged in a counterclockwise motion. The
e↵ect of the frame dragging on the photon trajectories
produces an image in which the grid itself appears to
be dragged by the spin, as is evident when compared to
the non-spinning black hole in the top right image. The
strength of frame dragging increases closer to the black
hole, which can also be inferred from the deformation of
the background grid.

Frame dragging manifests di↵erently in the bottom
right image, where the spin axis is pointing up. The
direction of frame dragging is out of the page on the left
of the shadow of the black hole and into the page on the
right. A photon traveling in the direction of the frame
dragging can orbit closer to the black hole without be-
ing captured than a photon traveling opposite the frame
dragging direction, resulting in an asymmetrical shadow
about the spin axis. This causes the shadow to appear
o↵set relative to the shadow of a Schwarzschild hole.

B. Binary black hole spacetimes

Astrophysical black hole binaries are expected to ra-
diate energy via gravitational waves, leading to a long
inspiral followed by a merger, and finally a ringdown
to a steady-state single black hole. Lensing by a final,
steady-state black hole will look like the single black
holes already seen in figure 4. However, the situation
becomes more interesting when viewing these systems
before merger. The first images we will present show
an equal-mass BBH with non-spinning black holes—one
of the simplest binary inspiral spacetimes to analyze—
shortly before merger. The simulation we use is case 1 of
Taylor et al. [31].

Figure 5 shows the image of our reference grid in the
presence of this BBH, where the camera is situated such
that the orbital angular momentum is pointing out of the
page. This image bears a striking resemblance to the bot-

FIG. 5. A BBH system of equal-mass black holes with no
spin, viewed near merger with the orbital angular momentum
out of the page.

FIG. 6. A cropped version of figure 5 in order to show
more detail near the black hole shadows. A small portion of
the image (outlined) is enlarged and inset, where a smaller
eyebrow is clearly visible.

tom left frame of figure 4, excluding the details near the
shadows. This shows that, away from the shadows, the
spacetime looks similar to a single rotating black hole,
where the lensing is dominated by the mass monopole
with corrections caused by the angular momentum of the
system. In the single-hole case, the spin is responsible for
frame dragging, whereas here the orbital angular momen-
tum is responsible.
Focusing on the inner portion of the image, we observe

that the binary lensing is markedly di↵erent from the
Schwarzschild or Kerr cases. Figure 6 shows a cropped
version of figure 5, emphasizing the structure of the shad-
ows. As might be expected, there are two prominent
shadows visible, each associated with one of the two black
holes. We also see a narrow secondary shadow (an “eye-
brow” [13]) close to the outside of each primary shadow.

7

FIG. 7. The same system as figure 6, viewed such that
the orbital angular momentum of the system is pointing up.
Note that the grid lines in the inset are shown in gray here to
distinguish them from the black hole shadows.

These secondary shadows correspond to one black hole
(BH) casting a shadow which is lensed by the other BH
on the way to the camera. Equivalently, they are image
regions where geodesics are traced backwards from the
camera to a BH, but bend around at least one BH on the
way there. The first pair of eyebrows is evident in fig-
ure 6; however, we can resolve a pair of smaller eyebrows,
shown in the inset.

We show another view of the same system in figure 7.
Here the camera is looking at the system edge on, such
that the orbital angular momentum is pointing up. We
see again an overall similarity with the corresponding
orientation of Kerr spacetime (the bottom-right frame
of figure 4), indicating the dominant e↵ects of the mass
and angular momentum in these images. We can see a
primary shadow for each black hole, but in this configu-
ration one black hole is located roughly behind the other
and as a result its shadow gets lensed into a dark ring.
Extending along the right side of this ring we see a long
thin eyebrow, which is shown in the inset, along with
another, smaller, eyebrow.

To illustrate how photon trajectories behave near shad-
ows, we plot trajectories of a few geodesics on the hori-
zontal line passing through the middle of figure 7 near the
eyebrow. Figure 8 shows four snapshots of these trajec-
tories in time, with their current locations in each frame
denoted by large dots. It is easiest to consider these tra-
jectories as we evolve them, out of the camera and back-
wards in time, to see where they came from. In frames
A–C, we see the trajectories under consideration start
close together then diverge significantly, demonstrating
how nearby pixels on the image can correspond to vastly
di↵erent physical locations. In frame D we see the entire
trajectories. A few extend to infinity, but most terminate
on the black holes; these are denoted by solid lines and
dotted lines, respectively. Only the trajectories extend-

FIG. 8. Geodesic trajectories plotted in relation to the black
hole event horizons during the lensing evolution for figure 7.
Each frame shows a snapshot in time, with the dots repre-
senting the current positions of the geodesics, and the lines
indicating the trajectories from the camera. The solid and
dashed lines indicate whether the geodesics originate from in-
finity or from a black hole, respectively.

BH 1

1
BH 2

BH 1

1
BH 2

BH 1

1
BH 2

FIG. 9. Plots identifying the origins of photons along the
horizontal line through the center of figure 7. Photons com-
ing from infinity are labeled 1, and the shadows are labeled
either BH 1 or BH 2. The first plot corresponds to the main
portion of figure 7. The second plot focuses on the zoomed
square in the inset of figure 7, showing a small feature of the
first plot. The third plot zooms to a similar feature of the sec-
ond plot. This figure demonstrates a striking self-similarity
of the lensing structure of a binary black hole system.

ing to infinity result in a photon reaching the camera;
those that reach the hole on the right of frame D corre-
spond to the primary ring-like shadow in figure 7, while
those that reach the left hole correspond to the larger
eyebrow visible on the right side of figure 7. Note that
the black holes are orbiting rapidly, so they move signif-
icantly while the photons pass through the system.
We can also uniquely identify which black hole casts

each shadow, which enables us to show in figure 9 the
origin of the photons along the horizontal line across the
center of figure 7. We arbitrarily label the large shadow
in the middle of figure 7 as BH 2, and the ring-like shadow

9

FIG. 12. Another view of the BBH in figure 11, but with
orbital angular momentum pointing up. The camera param-
eters are otherwise identical. This figure is analogous to fig-
ure 7; however, because of the asymmetry from the black hole
spins, the larger black hole’s shadow is not lensed completely
around the small black hole.

a very thick eyebrow. In this particular BBH, the e↵ect
of the individual black hole spins on the image depends
strongly on the camera position.

IV. CONCLUSIONS

In this paper, we present the first images of gravita-
tional lensing by astrophysically relevant binary black
holes, thereby providing a realistic representation of what
an observer near such a system would actually see. To
accomplish this, we have developed a new set of equa-
tions that evolve photons e�ciently near black hole hori-
zons. Our images show there is a primary shadow—a
region where the black hole prevents light from reach-
ing the camera—for each black hole, as well as multiple
secondary shadows (or eyebrows).

We have found that, early in the inspiral, images of a
BBH look similar to two separate Kerr black hole shad-
ows, unless viewed when the holes are nearly collinear
with the camera. Shortly before the merger, all camera
angles yield interesting images of not just one shadow for
each black hole, but a handful of smaller visible shad-
ows. We showed for an equal-mass binary viewed edge-
on that the lensing structure exhibits self-similarity on
smaller scales, corresponding to photons taking an in-
creasing number of orbits through the system. Lensing
by a fully generic BBH illustrated that the spin of black
holes in a binary can have a clear e↵ect on the lensed
shadows.

We chose not to classify eyebrows and shadows into
a hierarchy in this paper. In the inset of figure 6, for
instance, identifying the largest eyebrow as the primary
eyebrow and the next largest as the secondary eyebrow
feels very natural, but the exact definition of such a hi-

erarchy is not immediately clear. For example, simply
specifying a geodesic winding number around each black
hole is likely not to be su�cient. In addition to the tra-
jectories not lying in a plane, the order that a geodesic
orbits the black holes does not commute. Furthermore,
the black holes are moving at comparable speeds to the
geodesics. For these reasons, we leave the task of classi-
fying shadows as future work.

We have also shown in this paper that, away from the
shadows, an image of a binary black hole system looks
like that of an isolated black hole. Thus it is necessary to
resolve individual shadows in order to discern the unique
visual characteristics present in such images, which places
limits on our ability to observe them.

For systems involving matter, however, the combina-
tion of the lensing e↵ects of strong gravity with the
disruption and distortion of radiation-emitting matter
might yield a unique optical signature. Generating lensed
images of black hole-neutron star and neutron star-
neutron star mergers is an avenue of future investigation.
The techniques presented here would allow us to produce
detailed visualizations of these mergers; integrating over
such images, we could predict the optical signature of an
unresolved system.
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e↵ect of transforming each star into a fuzzy circle with
size dependent on its brightness.

The result of this scheme can be seen in figure 1, which
shows the BBH image from figure 11 in front of a back-
ground of stars. Note that by generating our starfield
images from a catalog of point sources, we obtain a sub-
stantially more realistic image than would be generated
by applying the lensing deformation to a raster image
of the unlensed Milky Way stars. In such a raster im-
age, each star is usually represented (whether as a result
of camera optics or software rendering) as a blurred cir-
cle whose area depends on the star’s brightness. These
circles are typically hundreds of arc seconds wide, and
therefore lensing distortions applied to the image tend to
produce stars that appear as smeared ellipses. In con-
trast, the angular sizes of real stars are many orders
of magnitude smaller, so we expect them to remain as
unresolved points under all but the most extreme lens-
ing magnifications. These unresolved points can then
be rendered as previously described, giving stars that
better portray what an observer would actually see (as
in figure 1). The di↵erence between these methods lies
in the non-commutativity between the lensing deforma-
tions and the blurring of each star. A minor shortcoming
of our method arises at Einstein rings (discussed in sec-
tion IIIA), where the magnification diverges. There a
star could in principle (though with very low probabil-
ity) appear as an extended object, but in our treatment
it would remain point-like. On the other hand, blurring
first and then lensing is almost guaranteed to produce
unphysical extended streaks at the Einstein ring.

III. RESULTS

Before applying our lensing code to binary black hole
systems, we generate images of simpler analytic space-
times. These serve both to provide checks that our im-
ages are consistent with earlier work, and also to illus-
trate general features of lensing around black holes that
will appear again in BBH images. We then proceed to
show two di↵erent configurations of BBH mergers.

To help visualize the lensing, we divide our light source
at infinity into colored quadrants with a superimposed
grid. An external view of this sphere is shown in figure 3.
In addition to the colored sections, our light source has
a bright reference spot in the direction towards which we
point our camera. This spot will prove useful in illustrat-
ing an important feature of black hole lensing called an
Einstein ring.

A. Analytic spacetimes

In figure 4, we compare a flat space image with the
images obtained by lensing our light source through
Schwarzschild and Kerr black hole spacetimes. The top
row from left to right shows flat Minkowski space and a

FIG. 4. Lensing caused by various analytic spacetimes.
For all panels, we use figure 3 as a background, oriented
such that the camera is pointed at the white reference dot.
The camera has a 60� field of view and is at a distance of
15 Schwarzschild radii from the origin measured using Kerr-
Schild coordinates [25]. The top row shows Minkowski and
Schwarzschild spacetimes. The bottom row shows two views
of the Kerr spacetime, with dimensionless spin � = 0.95,
viewed with the camera pointing parallel to the spin axis of
the black hole (bottom left) and perpendicular to the spin
axis (bottom right).

Schwarzschild black hole. These spacetimes are spher-
ically symmetric, so viewing them from di↵erent angles
produces the same lensing e↵ects. The bottom row shows
a Kerr black hole, where in the left frame the spin vector
is pointing out of the page and in the right frame it is
pointing up. Here the spin breaks the spherical symme-
try of the spacetime, leading to di↵erent lensing e↵ects
from di↵erent viewing directions.
In Minkowski space in the top left image we expect no

deflection of light, which is what we observe. The camera
sees an upright image of the portion of the grid near the
white dot. The bowing of the grid lines is an expected
geometric e↵ect of viewing a latitude-longitude grid.
In the top right image, we see the lensing e↵ects of a

non-spinning black hole. The black circle in the center of
the image is called the shadow of the black hole, where
the hole prevents any light from reaching the camera.
Alternatively, a shadow is a region of the image where
geodesics are traced backwards in time from the camera
to a black hole. Another prominent feature is that the
white dot on our grid at infinity has been lensed into a
large ring, called an Einstein ring [28]. Light from the
point situated directly on the opposite side of the black
hole, the antipodal point, will by symmetry be lensed into
a ring around the black hole as observed by our camera.
Regions inside the Einstein ring correspond to photons

see, also,  
D. Nitta, T. Chiba, N. Sugiyama, Physical Review D, 84, 063008 (2011) 
   “Shadows of colliding black holes” 

A. Yumoto, D. Nitta, T. Chiba, N. Sugiyama, Physical Review D, 86, 103001 (2012) 
   “Shadows of multi-black holes: Analytic exploration” 

For simplicity, we take !obs ¼ 0 and "obs ¼ #=2 in terms
of the polar coordinate.

Now let us consider ray tracing. We have to shoot
photons from all the directions to the observer in the
contracting coordinate to see the shadows of colliding
black holes. Instead, technically it is easier to consider
the time reversal of this system. Namely, we shoot photons
from the observer to all directions in the expanding
coordinate.

Using the parameters $ and % that have been defined by
Eqs. (7), the initial momenta for photons at the observer are
given by

Pr ¼ "P&

a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" ð$2 þ %2Þ=ðarobsÞ2

q
; Pz ¼ P&%

a3robs
;

P! ¼ P&$

a3r2obs
; for "obs ¼

#

2
: (9)

The above equations show that the shadows must
lie inside the circle in the celestial coordinates $ and %
with a radius of arobs ( & arþ) due to the condition
1" ð$2 þ %2Þ=ðarobsÞ2 & 0. We can easily extend the
above initial conditions for arbitrary observers at
"obs ! #=2 by rotating the two-dimensional vector
(Pr, Pz) in the z-y plane.

We then numerically calculate the photon’s geodesic
equations from the observer in the expanding coordinate.
The photons that eventually fall into the black hole hori-
zons are regarded as shadows.

Figure 1 shows that the shadows of two black holes with
same masses m1 ¼ m2 at each physical time t seen by
observers at zobs ¼ 0ð"obs ¼ #=2Þ and !obs ¼ 0 with ' ¼
0:01. We take M ¼ m1 þm2 ¼ 0:1=jHj. The initial posi-
tions of two black holes are d1 ¼ "d2 ¼ 4:5' 10"8=jHj.

Here, the celestial coordinates $ and % are normalized by
'M in order to keep the shape of the shadows independent
of a location of the observer.
At t ¼ 0 and t ¼ 1:6=jHj, the black holes are still far

away from each other. However, one can find that their
shapes are a little bit elongated in the $ direction and
squeezed in the % direction from the circles with a radius

of 4mi'=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4mijHj

p
( 1:82'M when they are consid-

ered as single black holes in $-% space. This deformation
is caused by the existence of the other black hole in the
opposite side.
At t ¼ 3:7=jHj, an eyebrowlike structure around each

black hole appears. This kind of structure is quite unique to
the multiblack hole system. The reason why these struc-
tures appear is the following. Let us consider the winding
orbit of a photon around the black hole [15]. These orbits
form the photon sphere as we have mentioned in Sec. III. If
the impact parameter of the photon is slightly smaller than
the radius of the photon sphere, this photon will eventually
fall into a black hole horizon. On the other hand, for a
slightly larger impact parameter, the winding photon will
gradually increase the distance to the black hole and even-
tually go away from the black hole, or fall into the horizon
of the other black hole. The latter case creates the eye-
browlike shadow along the main shadow. The situation is
similar to the particle motion in the Malumdar-Papapetrou
solution [16]
At t ¼ 5:3=jHj, the eyebrowlike structures grow and the

main shadows come close to each other. One can find there
still remains a region that photons can go through between
the main shadows. The reason why such a region remains is
the following. In a single black hole system, a black hole
horizon is enclosed with the photon sphere. On the other
hand, in a two black hole system, two photon spheres
intersect at the x-z plane where the photons cannot fall
into either one of black holes. Accordingly photons can go
through around this plane, which corresponds to % ¼ 0 in
the celestial coordinate until two black holes merge and
form a horizon. Actually, this interaction between two
photon spheres cause the deformation of black hole shad-
ows at t ¼ 0, t ¼ 1:6=jHj, and t ¼ 3:7=jHj.
At t ¼ 14:5=jHj, two main shadows have merged and

there no longer exists a region at % ¼ 0 where photons can
go through. This implies that the merger process of two
black hole horizons took place before the photons reach the
center of the coordinate. Eventually a shadow of a single
black hole appears at t ¼ 16=jHj. The shape of the shadow
is a circle with a radius of 3:38'M in the celestial coor-
dinate, which corresponds to the photon sphere of a single
black hole withM as described by Eq. (8). The duration of
these merger processes may be estimated as ’ 15=jHj ’
20hrðM=108M)Þ.
Finally, let us mention a situation when one observes

from arbitrary directions. We have calculated shadows for
several different values of angle "obs at t ¼ 3:7. As we

FIG. 1. Black hole shadows for the two black hole system
plotted in $-% space normalized by 'M with each physical
time t=jHj"1 ¼ 0, 1.6, 3.7, 5.3, 14.5, 1 6. Here we have used
the following parameters: " ¼ #=2, m1 ¼ m2 ¼ M=2, H ¼
"0:1=M, and ' ¼ 0:01.

SHADOWS OF COLLIDING BLACK HOLES PHYSICAL REVIEW D 84, 063008 (2011)
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The first image in figure 15, the one without frequency shifts and associated colour and
brightness changes, was particularly appealing, but it lacked one element of realism that few
astrophysicists would ever think of (though astronomers take it into account when modelling
their own optical instruments). Movie audiences are accustomed to seeing scenes filmed
through a real camera—a camera whose optics scatter and diffract the incoming light,

Figure 15. (a) The moderately realistic accretion disk of figure 14 but with the black
hole’s spin slowed from =a M 0.999 to =a M 0.6 for reasons discussed in the text.
(b) This same disk with its colours (light frequencies ν) Doppler shifted and
gravitationally shifted. (c) The same disk with its specific intensity (brightness) also
shifted in accord with Liouville’s theorem, ν∝νI 3. This image is what the disk would
truly look like to an observer near the black hole.
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producing what is called lens flare. As is conventional for movies (so that computer generated
images will have visual continuity with images shot by real cameras), Nolan and Franklin
asked that simulated lens flare be imposed on the accretion-disk image. The result, for the first
image in figure 15, is figure 16.

This, with some embellishments, is the accretion disk seen around the black hole Gar-
gantua in Interstellar.

All of the black-hole and accretion-disk images in Interstellar were generated using DNGR,
with a single exception: when Cooper (Matthew McConaughey), riding in the Ranger spacecraft,
has plunged into the black hole Gargantua, the camera, looking back upward from inside the
event horizon, sees the gravitationally distorted external Universe within the accretion disk and
the black-hole shadow outside it—as general relativity predicts. Because DNGR uses Boyer–
Lindquist coordinates, which do not extend smoothly through the horizon, this exceptional
image had to be constructed by Double Negative artists manipulating DNGR images by hand.

4.3. Some details of the DNGR accretion-disk simulations

4.3.1. Simulating lens flare. In 2002 one of our authors (James) formulated and perfected the
following (rather obvious) method for applying lens flare to images. The appearance of a
distant star on a camera’s focal plane is mainly determined by the point spread function of the
camera’s optics. For Christopher Nolan’s films we measure the point spread function by
recording with HDR photography (see e.g. [46]) a point source of light with the full set of 35
and 65 mm lenses typically used in his IMAX and anamorphic cameras, attached to a single
lens reflex camera. We apply the camera’s lens flare to an image by convolving it with this
point spread function. (For these optics concepts see, e.g. [47].) For the image 15(a), this
produces figure 16. More recent work [48] does a more thorough analysis of reflections
between the optical elements in a lens, but requires detailed knowledge of each lens’
construction, which was not readily available for our Interstellar work.

Figure 16. The accretion disk of figure 15(a) (no colour or brightness shifts) with lens
flare added—a type of lens flare called a ‘veiling flare’, which has the look of a soft
glow and is very characteristic of IMAX camera lenses. This is a variant of the
accretion disk seen in Interstellar. (Figure created by our Double Negative team using
DNGR, and TM&© Warner Bros. Entertainment Inc. (s15)). This image may be used
under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs 3.0
(CC BY-NC-ND 3.0) license. Any further distribution of these images must maintain
attribution to the author(s) and the title of the work, journal citation and DOI. You may
not use the images for commercial purposes and if you remix, transform or build
upon the images, you may not distribute the modified images.
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The Gargantua black hole from Interstellar. Credit: Double Negative
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Black Hole Shadow Zoo

Schwarzschild BH  
(Synge 1966)

e.g.  
Kerr-Newman BH (de Vries 2000),  
Schwarzschild-de Sitter BH (Bakala et al. 2007),  
braneworld Kerr BH (Schee & Stuchlik 2009),  
Sen BH (Hioki & Miyamoto 2009),  
Tomimatsu-Sato spacetime (Bambi & Yoshida 2010),  
dynamical Chern-Simons BH (Amarilla, Eiroa & Gilibet 2010),  
Kastor-Traschen solution (Nitta, Chiba & Sugiyama 2011),  
rotating braneworld BH (Amarilla & Eiroa 2012),  
Majumder-Papapetrou solution (Yumoto et al. 2012),  
Kalza-Klein rotating dilaton BH (Amarilla & Eiroa 2013),  
Kerr-Taub-NUT BH (Abdujabbarov et al. 2013),  
Horava-Lifshitz BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
rotating non-Kerr BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
Kerr-Newman-NUT BH with a cosmological constant (Grenzebach, Perlick & Lammerzahl 2014),  
Einstein-Maxwell-Dilaton-Axion BH (Wei & Liu 2013),  
five-dimensional rotating Myers-Perry BH (Papnoi et al. 2014),  
Schwarzschild-MOG(modified gravity) & Kerr-MOG (Moffat 2015),  
binary BH (Bohn et al. 2015)

Kerr BH 
 (Bardeen 1973)

＊ BH shadow contour 
＊ BH in an accretion disk  
    (with no back reaction) 
＊ BH in surrounding matters  
    (with back reaction effects) 
＊ naked singularity

他にもたぶんある・・・

where F is the amplification factor by a gravitational lensing given by
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4MrLS/(rLrS). M is the mass of the gravitational
source, ⇠0 and ✓E represent the Einstein radius and the Einstein angle, respectively.

If we choose the location of the image plane z2 to satisfy the following “lens equation” for a
convex lens 1/rS + 1/z2 = 1/f , then the wave amplitude on the image plane becomes
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where g = (rLS/rL)y
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2. Thus the wave amplitude on the image plane is
the Fourier transform of the amplification factor F which gives the interference fringe pattern.
Under the geometrical optics limit w � 1, x integral in the amplification factor (6) can be

approximated by the WKB form F (y + d
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We have assumed that the aperture of the convex lens is su�ciently smaller than the size of the
gravitational lensing system and |d0|  d0 ⌧ 1 holds. Then, the wave amplitude on the image
plane is
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For wd0 ! 1 limit (large lens aperture limit or high frequency limit), we obtain �I(y,d) /
�

2
h
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rLrS
rLSf
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i
and the image of the point source appears at the location on the image

plane determined by the lens equation (8). This reproduces the same result of image formation
in the geometrical optics (ray tracing) in terms of the wave optics.

As an example of image formation in a gravitational lensing system using wave optics, we
present the wave optical images of a point source by the gravitational lensing of a point mass
(Figure 2). These images are obtained by Fourier transformation of the amplification factor
F (equation (7)). This procedure corresponds to image formation by a convex lens. We can
observe the wave e↵ect in these images.

Figure 2. Wave optical images of a point source by the gravitational lensing of a point mass.
Parameters are w = 40, d0 = 0.5(aperture of a convex lens), y = 0, 0.5, 1, 1.5.
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frequency ! on the object plane z = �a as �0(x0). Using the Fresnel-Kirchho↵ di↵raction
formula, the amplitude of the wave at x on the z = b plane behind the lens is
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where x1 is the location of the light path on the lens plane, tL is the aperture function and f

represents the focal length of the lens. For a value of b satisfying the lens equation for a convex
thin lens, i.e. 1/a+ 1/b = 1/f , the wave amplitude becomes
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For !D ! 1 limit, the Bessel function, i.e. J1, in (2) becomes the delta function and we obtain
the following wave amplitude on z = b:
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Thus, a magnified image of the source field appears on the z = b plane. This reproduces the
result of image formation in geometric optics.

Figure 1. The left panel: one lens image formation system. The right panel: configuration of
a gravitational lens with a convex lens system. rL is the distance from the observer to the lens
object and rS is the distance from the observer to the source. rLS = rS � rL.

2.2. Image formation in gravitational lens system

As we have observed that a convex lens can be a device for image formation in wave optics, we
combine it with a gravitational lensing system and obtain images by gravitational lensing. We
consider a configuration of the gravitational lens system shown in the right panel in Figure 1
and examine how the images of the source object appear using wave optics. As source object,
we assume a point source of wave with intensity a0. For a monochormatic wave with angular
frequency !, the wave function obeys

(r2 + !

2)� = 4!2
U(r)� (4)

where U is the gravitational potential of the lens object. Introducing the two dimensional
gravitational potential  ̂(⇠) = 2

R1
�1 dzU(⇠, z), the wave amplitude on the image plane becomes
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Beyond Kerr Spacetime

GRACE Gravity Model

＊ 重力場の分布

・地球や月で測定されている 
・重力場分布の記述 
　→ 球面調和関数展開

f(r, ✓,�) =
1X

l=0

lX

m=�l

almrlY m
l (✓,�)

＊ No Hair Theorem Ml + iSl = M(ia⇤)
l

(Ml : mass multipole, Sl : current multipole)

Geroch(1970), Hansen (1974)

＊ multipole structure の測定 
　→ Kerr時空の検証，重力理論の検証

Ml + iSl = M(ia⇤)
l + �Ml + i�Sl

方法 A :  Kerr時空からの摂動をできるだけ一般的に記述 
                                                                (発展途上)

方法 B :  Case-by-case analysis 
　→ Black Hole Shadow Zoo　 

e.g.  
Johannsen & Psaltis (2011) 
Johannsen (2013) 
Cardoso, Pani & Rico (2014)

摂動Kerr時空でのBHシャドウの輪郭 
T. Johannsen, ApJ, 777, 170 (2013)



Black Hole Shadow Zoo

Schwarzschild BH 
(Synge 1966)

Kerr BH 
(Bardeen 1973)

＊ Contour of a Shadow (for a BH, a naked singularity and other objects) 

  Kerr-Newman BH (de Vries 2000), Schwarzschild-de Sitter BH (Bakala et al. 2007), Sen BH (Hioki & Miyamoto 2008),  
  braneworld Kerr BH (Schee & Stuchlik 2009), Tomimatsu-Sato spacetime (Bambi & Yoshida 2010),  
  dynamical Chern-Simons BH (Amarilla, Eiroa & Giribet 2010),  
  Kastor-Traschen cosmological multi-BH solution (Nitta, Chiba & Sugiyama 2011),  
  rotating braneworld BH (Amarilla & Eiroa 2012), Majumder-Papapetrou solution (Yumoto et al. 2012),  
  Kalza-Klein rotating dilaton BH (Amarilla & Eiroa 2013), Kerr-Taub-NUT BH (Abdujabbarov et al. 2013),  
  rotating Horava-Lifshitz BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
  rotating non-Kerr BH (Atamurotov, Abdujabbarov & Ahmedov 2013), Einstein-Maxwell-dilaton-axion BH (Wei & Liu 2013),  
  Kerr-Newman-NUT(Newman-Unti-Tamburino) BH with a cosmological constant (Grenzebach, Perlick & Lammerzahl 2014),   
  a five-dimensional rotating Myers-Perry BH (Papnoi et al. 2014), gravastar (Sakai 1914),  
  Schwarzschild-MOG(modified gravity) & Kerr-MOG (Moffat 2015), binary BH (Bohn et al. 2015),   
  Plebanski-Demianski spacetime (Grenzebach, Perlick & Lammerzahl 2015),  
  a Schwarzschild BH in an external gravitational field (Abdolrahimi, Mann & Tzounis 2015)

他に、 
　＊ Black Hole Shadow in an Accretion Disk

他にもある（だろう・・・）



Black Hole Shadow Zoo

Schwarzschild BH  
(Synge 1966)

e.g.  
Kerr-Newman BH (de Vries 2000),  
Schwarzschild-de Sitter BH (Bakala et al. 2007),  
braneworld Kerr BH (Schee & Stuchlik 2009),  
Sen BH (Hioki & Miyamoto 2009),  
Tomimatsu-Sato spacetime (Bambi & Yoshida 2010),  
dynamical Chern-Simons BH (Amarilla, Eiroa & Gilibet 2010),  
Kastor-Traschen solution (Nitta, Chiba & Sugiyama 2011),  
rotating braneworld BH (Amarilla & Eiroa 2012),  
Majumder-Papapetrou solution (Yumoto et al. 2012),  
Kalza-Klein rotating dilaton BH (Amarilla & Eiroa 2013),  
Kerr-Taub-NUT BH (Abdujabbarov et al. 2013),  
Horava-Lifshitz BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
rotating non-Kerr BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
Kerr-Newman-NUT BH with a cosmological constant (Grenzebach, Perlick & Lammerzahl 2014),  
Einstein-Maxwell-Dilaton-Axion BH (Wei & Liu 2013),  
five-dimensional rotating Myers-Perry BH (Papnoi et al. 2014),  
Schwarzschild-MOG(modified gravity) & Kerr-MOG (Moffat 2015),  
binary BH (Bohn et al. 2015)

Kerr BH 
 (Bardeen 1973)

＊ BH shadow contour 
＊ BH in an accretion disk  
    (with no back reaction) 
＊ BH in surrounding matters  
    (with back reaction effects) 
＊ naked singularity

他にもたぶんある・・・

まとめ

＃ 過去のブラックホール・シャドウの研究をいくつか紹介した。 
　（全てを網羅したわけではない） 

＃ 電波干渉計での観測により、もうすぐシャドウがとらえられる 

　 かもしれない。現在は、フーリエ空間中の位相情報が観測的に 

　得られ始めた。 

＃ 将来的には、Kerr時空の検証、重力理論の検証などが重要。



Black Hole Shadow Zoo

Schwarzschild BH  
(Synge 1966)

e.g.  
Kerr-Newman BH (de Vries 2000),  
Schwarzschild-de Sitter BH (Bakala et al. 2007),  
braneworld Kerr BH (Schee & Stuchlik 2009),  
Sen BH (Hioki & Miyamoto 2009),  
Tomimatsu-Sato spacetime (Bambi & Yoshida 2010),  
dynamical Chern-Simons BH (Amarilla, Eiroa & Gilibet 2010),  
Kastor-Traschen solution (Nitta, Chiba & Sugiyama 2011),  
rotating braneworld BH (Amarilla & Eiroa 2012),  
Majumder-Papapetrou solution (Yumoto et al. 2012),  
Kalza-Klein rotating dilaton BH (Amarilla & Eiroa 2013),  
Kerr-Taub-NUT BH (Abdujabbarov et al. 2013),  
Horava-Lifshitz BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
rotating non-Kerr BH (Atamurotov, Abdujabbarov & Ahmedov 2013),  
Kerr-Newman-NUT BH with a cosmological constant (Grenzebach, Perlick & Lammerzahl 2014),  
Einstein-Maxwell-Dilaton-Axion BH (Wei & Liu 2013),  
five-dimensional rotating Myers-Perry BH (Papnoi et al. 2014),  
Schwarzschild-MOG(modified gravity) & Kerr-MOG (Moffat 2015),  
binary BH (Bohn et al. 2015)

Kerr BH 
 (Bardeen 1973)

＊ BH shadow contour 
＊ BH in an accretion disk  
    (with no back reaction) 
＊ BH in surrounding matters  
    (with back reaction effects) 
＊ naked singularity

他にもたぶんある・・・

お し ま い


